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1. INTRODUCTION
Ž  .The concept of permanence or uniform persistence 3 has received
much attention in the study of the long term survival of interacting species
 in ecology. See 4 for an extensive treatment of ordinary differential
equation models.
In this paper we prove that a large class of periodic Kolmogorov
systems, including competition, mutualism, and some classes of
predatorprey systems, is permanent. Our result, in the periodic case,
   complements those of Burton and Hutson 1 and Tineo 6 . In fact, our
 proof is based on the ideas in 6 .
Let us consider the system
x xf t , x , y , y yg t , x , y , 1.1Ž . Ž . Ž .
where f , g : 2 are continuous functions which are locally Lip-
Ž .schitz continuous in x, y and T-periodic in the time t, for some T 0.
We shall assume that the logistic equation
x xf t , x , 0 1.2Ž . Ž .
has a positive global attractor U. That is, U is a positive T-periodic solution
Ž . Ž . Ž .of 1.2 such that u t U t  0 as t for any positive solution of
1 This paper was partially supported by CDCHT, Universidad de los Andes.
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Ž . Ž1.2 . It is implicitly assumed that each positive solution of this equation is
.  defined in a terminal interval of  . See 1, 5, 7 for the existence of such a
U. Analogously, we assume that the logistic equation
y yg t , 0, yŽ .
possesses a positive global attractor V. We shall prove the following result.
THEOREM 1.1. Suppose that:
Ž .  Ž . Ž Ž . . Ž .  Ž .H f t, x, 0  f t, U t , 0 U t  x  0 if xU t .1
Ž .  Ž . Ž Ž .. Ž .  Ž .H g t, 0, y  g t, 0, V t V t  y  0 if y V t .2
Ž . T Ž Ž ..H H f t, 0, V t dt 0.3 0
Ž . T Ž Ž . .H H g t, U t , 0 dt 0.4 0
Ž .Then, gien R 1, there exists   0 with the following property: If u, R
Ž .  .is a positie solution of 1.1 defined and bounded on 0, such that
lim sup u t  R , lim sup  t  R , 1.3Ž . Ž . Ž .
t t
then
lim inf u t   , lim inf  t   . 1.4Ž . Ž . Ž .R R
t t
Ž .In particular, if each positive solution of 1.1 is defined and bounded on
 .an interval of the form t , then, under the assumptions of the above0
 theorem, the system is strong persistent 2 , while it is permanent if it is
dissipative.
Ž . Ž .Remark. Let U be a positive T-periodic solution of 1.2 . If H in1
Theorem 1.1 is satisfied, it is not hard to show that U is a global attractor
of this equation.
 As a corollary of Theorem 1.1 and 6, Theorem 1.1 we have:
COROLLARY 1.2. Let f , g : 2 be locally Lipschitz continuous func-
tions and suppose that there exist x , y  0 such that0 0
Ž . Ž .Ž .a f x, 0 x x  0 if x x .0 0
Ž . Ž .Ž .b g 0, y y y  0 if y y .0 0
Ž . Ž . Ž .c f 0, y  0 and g x , 0  0.0 0
Then, the assertion in Theorem 1.1 remains true for the system
x xf x , y , y yg x , y .Ž . Ž .
Ž .Proof. If y  0 then f 0, 0  0 and thus, there exists  0 such that0
Ž .   Ž .f x, 0  0 for all x	 0,  . From this and assumption a , we have x  x0
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   4for all x	 0,  
 x and hence, x  0. The proof of this case follows0 0
 now from 6, Theorem 1.1 .
Similarly, if x  0, the proof follows from the change of variables0
Ž . Ž .  x, y  y, x and 6, Theorem 1.1 .
Finally, if x , y  0, our result is a special case of Theorem 1.1.0 0
2. THE PROOF
 As in 6 , we can assume U 1 and V 1. Thus, we can suppose that
Ž . Ž .F f t, 1, 0  0.1
Ž . Ž .Ž .F f t, x, 0 1 x  0 if x 1.2
Ž . T Ž .F H f t, 0, 1 dt 0.3 0
Ž . Ž .G g t, 0, 1  0.1
Ž . Ž .Ž .G g t, 0, y 1 y  0 if y 1.2
Ž . T Ž .G H g t, 1, 0 dt 0.3 0
 In 6 , it is proved that the function
 x  inf sg 1 x f t , x , 0 : t	 , x 0 4Ž . Ž . Ž .
Ž .is locally Lipschitz continuous. Here and henceforth, sg z denotes the
sign of the real number z.
Ž . Ž .In the following, u,  denotes a positive solution of 1.1 defined and
 .bounded on 0, and we fix R 1 such that
u t  R ,  t  R for all t 0. 2.1Ž . Ž . Ž .
Ž . Ž . Ž .Note that by F we have  1  0 and by F and the definition of  ,1 2
0  x  sg 1 x f t , x , 0 for all x 1. 2.2Ž . Ž . Ž . Ž .
 Moreover, since 0, R is compact, there exists M 0 such that
    x   z M x z if x , z R . 2.3Ž . Ž . Ž .
Ž . Ž . Ž .LEMMA 2.1. If F , F , and G hold, then there exist KM, p 01 2 2
such that
 x g t , x , y  K sg 1 x xf t , x , y  p xŽ . Ž . Ž . Ž . Ž .
Ž .  if Ky  x , x, y	 0, R , and t	.
Ž . Ž .Proof. By G , g t, 0, 0  0 for all t	 and so there exist 0  R,2
p 0 such that
 g t , x , y  p if x , y	 0,  .Ž .
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On the other hand there exist constants C, L 0 such that
 g t , x , y C and f t , x , y  f t , x , 0  Ly ,Ž . Ž . Ž .
 if x , y	 0, R .
Define now
 p C RL max   0, 
Kmax M , ,½ 5 
   and fix x, y	 0, R . As in 6, Lemma 2.4 , we have
K sg 1 x xf t , x , y KLxy Kx x  Kx  x  Ky , 2.4Ž . Ž . Ž . Ž . Ž .
RL Ž . Ž .  since K  L. In particular, K sg 1 x xf t, x, y  0 if x, y	 0, R
Ž .and Ky  x .
    Ž .Let us fix x	 0,  and y	 0, R such that Ky  x . From the
   definition of K we have Kymax   0,   K  and hence, y	 0,  .
Thus
 x g t , x , y  K sg 1 x xf t , x , y   x g t , x , y  p x .Ž . Ž . Ž . Ž . Ž . Ž . Ž .
    Ž . Ž .Finally, fix x	 , R and y	 0, R such that Ky  x . By 2.4 we
obtain
 x g t , x , y  K sg 1 x xf t , x , yŽ . Ž . Ž . Ž .
C x  K  x  LR x ,Ž . Ž . Ž .
and the proof follows from the definition of K.
In the following, K denotes the number given by Lemma 2.1. Using the
 arguments in 6, Propositions 2.6, 2.7, Lemma 2.8 , we can prove that if
Ž . Ž . Ž .F , F , and G hold, then the following results are true.1 2 2
Ž .PROPOSITION 2.2. There exists a sequence s  such that K s n n
Ž Ž .. u s for all n	.n
PROPOSITION 2.3. There exists  0 with the following property: If
Ž . Ž Ž ..t , then either K t   u t or
Ž .u t
K t   z exp K sg s 1 ds sŽ . Ž . Ž . Ž .Hž /z
  Ž . Ž Ž ..for some z	 x , R such that sg 1 z  sg 1 u t .R
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Ž . Ž . Ž z Ž .. Ž .  .LEMMA 2.4. a  z exp KH ds s   0 for all z	 0, 1 .0
Ž . Ž . Ž R Ž .. Ž . Ž b  z exp KH ds s   R for all z	 1, R .z
 Similarly, using the argument in 6, Theorem 2.9 , we can show the
following result.
Ž . Ž . Ž . Ž .THEOREM 2.5. Assume F , F , G , and G are satisfied. Then,1 2 2 3
Ž .gien R 1, there exists y  0 with the following property: If u,  is aR
Ž . Ž .positie solution of 1.1 that satisfies 1.3 , then
lim inf  t  y .Ž . R
t
Ž . Ž . Ž . Ž .Analogously, if G , G , F , and F hold, then given R 1 there1 2 2 3
Ž . Ž .exists x with the following property: If u,  is a positive solution of 1.1R
Ž .that satisfies 1.3 , then
lim inf u t  x .Ž . R
t
Thus, the proof of our main result is complete.
 Remark. As in 6 , a non-periodic version of Theorem 1.1 can be given.
EXAMPLE. Let us consider the LotkaVolterra system
x x a t  b t x c t y , y y f t  g t x h t y ,Ž . Ž . Ž . Ž . Ž . Ž .
where a, . . . , h:  are T-periodic continuous functions, functions
such that
T T
b 0, h 0, a t dt 0, f t dt 0.Ž . Ž .H H
0 0
 Ž . Ž . It is well known that the logistic equations x x a t  b t x and
 Ž . Ž . y y f t  h t y have positive global attractors U, V, respectively. Now
it is easy to show that our example satisfies the assumption of Theorem
1.1, if
T T
a t  c t V t dt 0 and f t  g t U t dt 0.Ž . Ž . Ž . Ž . Ž . Ž .H H
0 0
Note that any sign condition on c, g is assumed.
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